Abstract: Theory of differential forms started from the discovery by H.Poincare' who found new type conservation laws for Hamiltonian systems-"The Integral Invariants". Even if there are no nontrivial ordinary integrals of motion, there exist various invariant differential forms (f.e. symplectic 2-form is invariant for all hamiltonian systems and also one-form is invariant for geodesic flows). Restricted on the energy level, some of these forms can be considered naturally as the forms "on factor-space". Indeed, this space does not exist in the ordinary topological sence. These considerations lead to the analog of De Rham Cohomology Theory for smooth dynamical systems. Some interesting exact sequences for the new "exotic cohomology" associated with the so-called "Cohomological Equation" in Dynamical Systems and its higher extensions, are found. Calculations are performed for Geodesic and Horocycle flows on the compact surfaces of constant negative curvature. The Exotic Poisson Structures are discussed. They have complicated Anosovtype Casimir foliations on the corresponding 3D phase spaces. We proved that Horocycle flows are hamiltonian in this exotic structures.
1.Dynamical Systems and Differential Forms. Exact sequences.
In the previous work [1] we studied various metric independent cohomology groups based on the subcomplexes in the De Rham complex of differential forms Λ * (M) with differentials like d A = d + A where A is some 0-order operator acting on differential forms.
We especially considered two examples: 1.The operator d ω where
or families of such differentials d λω , λ ∈ C. Such families were studied first in 1986 for the construction of the right analog of something like Z 2 -graded Morse type inequalities for vector fields extending the "fermionic technic" invented by Witten -see quotations in [1] . In this "metric dependent version" we studied the behavior of zero modes
for the family of operators (d λω + d * λω ) 2 acting on the spaces of even and odd differential forms Λ ± (M). Here the form ω corresponds to the vector field X: ω i = g ij X j . We proved that
where X ± are equal to the numbers of critical points X = 0 with sign ±. In the metric independent version the subcomplex u ∈ Λ Ω ⊂ Λ Here X is a Reeb vector field for the form Ω on M, and (u, X) = i X (u) is a scalar product (pairing) of 1-form and vector field.
2.Another special case of the operator A considered in [1] , is following: For every differential k-form locally written as v = v i 1 ,i 2 ...i,,k dx i 1 ∧ ... ∧ dx i k and vector field X we have an operator i X : Λ k → Λ k−1 defined by the "index-summation" formula The operator d + i X is such that its square (d + i X ) 2 = ∇ X is a Lie derivative acting on the spaces of differential forms. The kernel
is a subspace Λ * inv ⊂ Λ * (M) of differential forms invariant under the time shifts provided by the dynamical system dx i /dt = X i (x). Homology of the operator d + A in this case we call X-invariant homology.
Let us define two subspaces Im(i X ) ⊂ Λ k (M) containing all C ∞ differential k-forms u such that i X (u) = (u, X) = 0 for the both subspaces, and u = (v, X) for u ∈ Im(i X )
For example, as it was proved in [1] , the subcomplex Λ Ωc ⊂ Λ * (M c ) for the 3-manifold M c above has a form
with differential d λω . For λ = 0 it is equal to the ordinary d. Similar statement is valid for the case of 2k + 1-dimensional energy levels in 2k + 2-dimensional symplectic manifolds M c ⊂ M: Instead of the form ω c we take a form ω ′ = Ω k−1 c ∧ ω, and instead of Ω c , Λ Ωc we take
Here we have (see [1] )
where X is a Reeb vector field for the energy level M, Ω. The case λ = 0 (i.e. the ordinary De Rham operator d acting in the nonstandard subcomplex) was especially considered in [1] . Let X be any smooth vector field on the manifold M and ∇ k X be a Lie derivative along this field X acting in the space of C ∞ -differential k-forms
The same operator acting on the subspace u ∈ Λ k X (M) such that (u, X) = 0, we denote by the star ∇
We say that k-form u belongs to the subspace u ∈ Λ k X if (u, X) = 0, so
Let us define the spaces
As it was mentioned above, the invariant De Rham complex Λ * inv (M) can be identified with the kernel
The subcomplexes Λ inv and Λ(M/X) with ordinary operator d define the invariant homology groups (ring) and the homology groups of the factor-space M/X. We obviously have Λ n (M/X) = 0. Here n is the dimension of M.
Indeed, the factor-space M/X might be very bad: In particular, its ring of 
for the factor-space. All homology of the torus are invariant 
where (u, X) = 0 and (du, X) = i X (du) ∈ Im(i X ) ⊂ Ker(i X ). So we proved second part. For the factor-space we have (u, X) = 0 and ∇ X (u) = d(u, X) + (du, X) = 0 by definition. So we conclude that (du, X) = 0. For the invariant forms our statement is obvious. We have also
As was explained to the present author by S.Gusein-Zade-see [6] , we can essentially use the result of the work [5] : in the Riemannian metric the operator i X is dual to the multiplication operator by the 1-form * X∧ on the total space Λ * (M). The homology of this operator were studied in the work [5] for the closed 1-form but in fact this restriction is inessential: all proofs are valid for the nonclosed 1-forms as well. The factor-groups Ker(i X )/Im(i X ) are equal to zero for all k > 0. For k = 0 they are equal to R l where l is a sum of "Milnor Indices" of all critical points X = 0 assuming that they are isolated and have finite type (i.e. all Milnor indices are finite). For the nondegenerate case the number l is simply equal to the number of critical points. We assume below that our vector field X is of the finite type. It would be good to extend these results to the case when the critical points X = 0 are "regular enough".
We are going to study the right C ∞ -analog of the cohomological equation
We introduce the factor-spaces Proof of this statement uses the exact sequences below and a byproduct of the result of [5] as it was mentioned above: It allows us to calculate the spaces Ker(i X )/Im(i X ) for the vector fields X of finite type. In particular, all these spaces are trivial for the nonzero vector fields. For the vector fields with generic singularities (and even with "finite type" isolated singularities) these spaces are trivial in all positive dimensions k > 0. Every critical point gives contribution exactly equal to R for k = 0 in the generic case. In the classical ergodic theory people considered the spaces Ker(∇ 0 X ) and
Probably the first author who investigated these operators in the specific Sobolev spaces of smooth functions was G.Forni (see [2] ). The space Ker(∇ 0 X ) for the measure-preserving flows (like the hamiltonian ones) in the ergodic case consists of the constants only but the space Coker 0 X is very complicated (see below). We have ∇ 0 X = ∇ n X for the measure-preserving case given by the isomorphism
Let us especially mention that we are working with the spaces made out of smooth functions (at least, the image ∇ 0 X (f ) should consist of continuous functions and forms in our constructions). Our theorem is valid for the spaces of C ∞ differential forms only. We already introduced the important subspaces C k X ⊂ Coker(∇ k X ) entering our main theorems. They are defined as
Theorem 1 For every smooth vector field X on the n-manifold M and every k = −1, 0, 1, . . . , n − 1 following canonical exact sequence is defined:
This exact sequence can be represented in the following form
Proof. Let us define these homomorphisms.
However, du ∈ Z k+1 (M/X) because (du, X) = 0 and d(u, X) = 0. It follows from the properties of Lie derivative already used before.
3.The map i * :
is simply the natural imbedding of cocycles
we define as
is defined in the trivial natural way.
We are going to prove now that this sequence is exact. 1.The cocycle property d * (u) = 0 obviously implies u ∈ Z k (M). Using the properties (u, X) = 0 and du = 0, we conclude that 
and conclude that Ker(h * ) = Im(j * ).
5. Let a ∈ Ker(g * ). It means that da = 0 and a = db. We see that a = h * (v) where v = (a, X).
is obviously an epimorphism. Our theorem is proved. Proof of the Proposition 1 (above): Our exact sequence for k = n − 1 implies an isomorphism
Taking into account the isomorphism Coker(∇ n X ) = Coker(∇ 0 X ) for the measure-preserving flow with the invariant C ∞ volume form σ, we see that our statement is proved.
2.Riemann Surfaces and Hamiltonian Systems.
Consider now a compact nonsingular complex algebraic curve (Riemann Surface) M and any generic holomorphic one-form ω = ω ′ +iω ′′ . The equation dH = ω ′ = 0 defines a Hamiltonian foliation. Every smooth nonzero 2-form Ω defines a flow with vector field X and multivalued Hamiltonian H such that (ω ′ , X) = (dH, X) = 0. Therefore ∇ 1, * X (ω ′ ) = 0, and ω ′ ∈ Λ 1 (M/X) where dω ′ = 0. Easy to see that no other closed invariant one-form exists for the genus g ≥ 2. For g = 1 there is exactly one more real closed invariant constant one-form ω ′′ but it does not belong to the space Λ 1 (M/X). For the generic case the forms ω ′ , ω ′′ have exactly 2g − 2 simple zeroes defining the saddle points for our system, and our system is ergodic. Every function of the form ∇
, is equal to zero in all saddle points as well as the space 
The operator 
where x, y are defined modulo one in the torus T Forni also investigated the space of X-invariant distributions in the negative Sobolev spaces.
In the community of people working in dynamical systems the differential equation ∇ 0 X (u) = f is called "cohomological". Whatever it might mean, it has nothing to do with standard cohomology: this terminology was originated from the study of systems with discrete time where the equation has a grouptheoretical "cohomological" form g(T x) − g(x) = f . The work [2] is based on the hard analytical investigation.
Our arguments are very simple and general. They look as a simplest natural analog of the De Rham cohomology theory for the dynamical systems. By definition, they work for the C ∞ -forms. To prove our Corollary, let us denote the space Coker(∇ 0 X ) by W and rewrite our exact sequence above: We add functions v 1 = (u 1 , X) to the subspace V 0 and obtain the larger subspace
where A((v 0 )) = v 1 constructed above. After that we apply to the functions v 1 ∈ A(V 0 ) the same procedure 
because all subspaces A m (V 0 ) are linearly independent. Each of them has dimension equal to the absolute value of the index of operator g * which is 2g − 2.
3.Multidimensional manifolds.
Consider now any orientable n-dimensional manifold M with a smooth flow (vector field) X. Using the Theorem 1, we obtain a following result
X is a Fredholm operator with finite index equal to the dimension of the group b
1 (M) − |H 1 (M/X)| − b 2 (
M). The dimension of its kernel is equal to the difference
|H 1 (M)| − |H 1 (M/X)| where |H 1 (M)| = b 1 (M),
and the dimension of Cokernel is equal to |H
For k ≥ 1 the exact sequence provided by the Theorem above, yields to the form
For measure-preserving flows we have also H n X = Coker(∇ 0 X ) = Coker(∇ n X ) as it was pointed out before. We are coming to the Cokernel Complex
The coboundary operator d C extracted from the exact sequences of the theorem above, can be written by the formulas
The cohomology groups H i C of the complex C can be described by the following long exact sequence
In particular, the map h
k : H k C → H k+2 (M/X
) is a Fredholm Operator with finite index. Following formula is valid
In order to prove this theorem, let us define all this homomorphisms. A map
Proof of the theorem follows now from the same elementary arguments as for the standard exact homological sequences in the Elementary Algebraic Topology. Proof. In the proper local coordinates we have Ω = n−1 i=1 dx i ∧ dp i + dc ∧ dt and H = c, ω = dc. So we conclude that dc ∧ Ω j does not contain any terms with differential dt. Lemma is proved.
For the generic case we shall not have additional forms in Λ * (M/X), so we conclude that generically all odd-dimensional homology are nonzero here H odd (M/X) = 0.
) be a space of unit linear elements for the closed surface of genus g with constant negative curvature metric. Its geodesic flow X is a strongly ergodic system (even a K-system). It was proved many years ago by Livshitz (see [3] ) that the image
consists exactly of functions whose integrals along the closed geodesics are equal to zero. Therefore the space
The integral along the fixed closed geodesics gives a linear functional on the space C 0 X :
so we have infinite number of independent linear functionals. Which topology this factor-space has? How it depends on the discrete group? The answers to these questions are unknown.
Prove rigorously that generically (i.e.after any generic perturbation) no invariant differential form remain except those described in these examples.
4.The exotic Poisson Manifolds. Dynamical Systems on the P SL 2 (R)/Γ
The most general class of C ∞ hamiltonian systems is described by the following definitions: Let a C ∞ -manifold M be given equipped by the Poisson Tensor Field. We call it Poisson Manifold. Locally this field can be written in the form h ij (x). It defines a "Poisson Bracket" of locally defined smooth function {f, g} = h ij (x)f x i g x j satisfying to the following relations {f, g} = −{g, f }, {f, gh} = h{f, g} + g{f, h}, {{f, g}, h} + (cyclic) = 0
In particular, we have h ij = {x i , x j } for the local coordinates x i . In the nondegenerate ("symplectic") case the 2-form Ω = h ij (x)dx i ∧dx j is closed if the conditions above are satisfied, h ij h jk = δ However it is not true for the more general Poisson manifolds with degenerate Poisson Tensor. The Poisson analog of Darboux theorem claims (see [7] ) that for every point x ∈ M there exists an open set x ∈ U and local coordinate system x 1 , . . . , x 2n , y 1 , . . . , y k in the domain U such that
where h pq (0) = 0, and all other Poisson Brackets of coordinates are equal to zero. Here the number 2n is equal to the rank of Poisson matrix at this point where all coordinates are equal to zero
Easy to prove following The Lie Algebra invariant sometimes defines completely the Poisson Structure, and higher terms are inessential. This problem was studied in the works [4] . Their results are especially effective for the low dimensional Lie algebras. A lot of people studied special "Lie-Poisson" structures where Poisson Tensor linearly depends on coordinates. In that case M = L * = R k , basic elements e i can be viewed as linear functions on the manifold M. In particular, there exists a complete set of "Annihilators" of "Casimirs" which are one-valued functions f 1 , . . . , f t (homogeneous polynomials in the variables e 1 = y 1 , . . . , e k = y k ) such that {f m , y p } = 0 for all p = 1, 2, . . . , k. Every Casimir (even locally defined in some open set in M) is functionally dependent with this family (f m ). Casimirs define trivial hamiltonian systems. They are integrals of motion for all hamiltonian systems in M. Their common levels f m = c m define the so-called "Symplectic Foliation" of the manifold M.
What do we have for the more complicated Poisson Manifolds? How Casimirs look like? In the simplest cases they are either one-valued functions (like in the Lie-Poisson manifolds M = L * above) or the closed one-forms.
The last case was realized in the Quantum Solid State Physic: the "semiclassical" electrons move under the influence of magnetic field in the space of quasimomenta p ∈ M. It is euclidean space R 3 factorized by the reciprocal lattice, i.e. M = T 3 . Its points numerate the quantum states of electron when the branch of energu dispersion relation is fixed and magnetic field is absent. Switching on the constant magnetic field, we get a Poisson Tensor B = (B pq ) = const. It has a multivalued Casimir (i.e. constant one-form * B in T 3 dual to the magnetic field B. As it is written in physics literature, electrons move in the plane orthogonal to magnetic field treated as a vector * B. The hamiltonian ǫ(p) : T 3 → R is a single-valued Morse function in this case (it is the energy dispersion relation extracted from the quantum theory.) So the trajectories are sections of the "Fermi-Surface" {ǫ(p) = ǫ F } ⊂ T 3 by the planes orthogonal to magnetic field.
As A.Ya.Maltsev pointed out to me, in general Casimirs might be more complicated than the closed one-forms. Consider now the special class of Poisson Tensors with constant rank 2n. To prove this statement, we use some Riemannian metric. It defines an area element along the leaves which can be constructed as a 2-form Ω ∈ Λ 2 (M) because everything is orientable. The restriction of this 2-form on the leaves is unique up to multiplication Ω → g(x)Ω where g > 0.
Lemma 4 Every Poisson Tensor defines a completely integrable orientable foliation on the Manifold
Let us discuss the important examples. 1.In the series of works started in 1982 we investigated following class of dynamical systems (see the survey in [8] ):
A constant rank 2 skew-symmetric n×n-matrix B defines a Poisson Structure on the n-torus T n = R n /Γ where Γ is an euclidean lattice of the rank n. The Kernel of Poisson Matrix consists of n − 2 linear functions l 1 , ..., l n−2 . The hamiltonian H(p) : T n → R defines a system whose trajectories are intersections of the levels H = c with the 2-plane l 1 − a 1 , ..., l n−2 = a n−2 . One might say that every trajectory is given as a level of quasiperiodic function H on the plane. This quasiperiodic function has n frequencies (quasiperiods). What can one say about the Topology of the levels of quasiperiodic functions on the 2-plane?. This problem appears in several different areas.
For n = 3 this problem appeared from the Solid State Physics describing the motion of electrons along Fermi Surface in the single crystal normal metal under the influence of the strong magnetic field B. It should be added "semiclassically" to this purely quantum picture. For the low temperature this approximation is valid for the magnetic fields in the interval 1te < |B| < 100te). There exist complicated examples of dynamical systems on the Fermi Surface in this problem but they are nongeneric: generically every open trajectory lives in some piece of genus one. Some remarkable observable integer-valued topological characteristics of the electrical conductivity in magnetic field were found here for the generic case (see [8] ; A.Zorich, I.Dynnikov, S.Tsarev, A.Maltsev and R.Deleo worked in this area jointly with the present author since 1980s.) Similar features were found also for n = 4 recently in the work [8] . New applications in the physic of quantum surfaces were found by A.Maltsev for this problem for all n (see quotations in the work [8] ).
2
) be a space of unit linear elements on the compact surface of genus g with Riemannian metric of constant negative curvature. We have M = P SL 2 (R)/Γ where Γ is a cocompact discrete group acting by the right shifts on the group. The space of right-invariant differential forms is generated by the 1-forms ω 0 , ω ± such that The whole space of differential forms in M can be described in this basis: Let us denote the space of C ∞ -functions Λ 0 (M) by S. The spaces of differential forms we describe as
where S 3 is linearly generated over the ring S by the forms ω 0 , ω ± . a.For the geodesic flow X we know that the image of operator ∇ 0 X consists of the functions g such that γ gdl = 0 for all closed geodesics γ. We have for the right-invariant forms
Taking into account the identity (no signs)
we can calculate this operator for all forms. In particular, we have
This equality reflects the fact that geodesic flow is a restriction of the 4D hamiltonian system on the energy level. This system is nonhamiltonian in the 3D Poisson structure described above. Even the trajectory foliation ω + = 0, ω − = 0 does not correspond to any hamiltonian system. The reason for that is following: geodesics are located on the leaves ω + = 0 but the form ω − restricted on these leaves is nonclosed: dω − = ω 0 ∧ ω − . In order to construct hamiltonian, one need to construct a global 1-form f ω − such that f = 0 and d(f ω − ) = 0 on every leaf. However, it is impossible because there are limit cycles on the cylindrical leaves correspondent to the closed geodesics. The set of all closed geodesics is everywhere dense.
Let
is solvable only for f = const, g = h = 0 because ±1 cannot be realized as eigenvalues for the skew symmetric operator A. So we have 2 as geodesics but the symplectic structure is changed as one always should do after switchig on magnetic field: in order to get right symplectic form, magnetic field should be added to the original symlectic form. In this case magnetic field is equal to the Gaussian curvature form on the surface lifted to the phase space T * (M 2 ).
For the "symplectic" differential 2-form Ω ′ = ω 0 ∧ ω − associated with Poisson Tensor on the 3-manifold M, we have ∇ 2 + (Ω ′ ) = ω 0 ∧ ω + which is equal to 0 on the leaves ω + = 0.
We conclude also that
Taking into account these formulas combined with the facts that this flow is ergodic and the operator ∇ + is skew symmetric, we can deduce that all X + -invariant forms are right invariant. So we have Interesting results can be obtained for the hamiltonian systems with Anosov-type Casimir foliations and single-valued hamiltonians H : M → R. They lead to "locally hamiltonian" dynamical systems on the surfaces H = c (i.e. their singular points are like in hamiltonian systems). They might have very special limit cycles only which are nonhomotopic to zero in M and have length bounded from below. There are very interesting problems here which we postpone to the future works.
